Abstract. We investigate the properties of the Hybrid Monte-Carlo algorithm in high dimensions. In the simplified scenario of independent, identically distributed components, we prove that, to obtain an O(1) acceptance probability as the dimension d of the state space tends to ∞, the Verlet/leap-frog step-size h should be scaled as h = × d −1/4 . We also identify analytically the asymptotically optimal acceptance probability, which turns out to be 0.651 (with three decimal places); this is the choice that optimally balances the cost of generating a proposal, which decreases as increases, against the cost related to the average number of proposals required to obtain acceptance, which increases as increases.
INTRODUCTION
The Hybrid Monte Carlo (HMC) algorithm originates from the physics literature [1] where it was introduced as a fast method for simulating molecular dynamics; it has since become popular in statistical physics, chemistry and neural networks. The algorithm has also been proposed for performing statistical inference in Bayesian contexts; nevertheless, HMC is still not a commonly used tool in the statistics literature.
HMC has been proposed as a method to improve on traditional Markov Chain Monte Carlo (MCMC) algorithms. There are heuristic arguments to suggest why HMC might perform better, for example based on the idea that it breaks the random walk-like behavior intrinsic to many MCMC algorithms such as the Random-Walk Metropolis (RWM) algorithm. However there is very little theoretical understanding of this phenomenon and this lack of analytical guidance of choosing the free parameters for the algorithm partly accounts for its relative obscurity in statistical applications. The aim of this paper is to provide insight into the behavior of HMC in high dimensions and develop theoretical tools for improving the efficiency of the algorithm.
HMC and algotithms such as MALA [2] use the derivative of the target probability log-density to guide the Monte Carlo trajectory towards areas of high probability; this is to be compared with the standard Random-Walk Metropolis (RWM) algorithm which proposes symmetric moves around the current position. On the other hand, MALA takes local steps based on overdamped Langevin dynamics, while HMC takes global moves based on deterministic Hamiltonian dynamics.
In the simplified scenario where the target distribution Π(Q) in R N consists of d 1 identically distributed vector components, we show analytically that in HMC (with the Verlet integrator) the time-step h has to be scaled as h = O(d −1/4 ) to ensure a nontrivial acceptance probability as d → ∞. We also identify the associated optimal acceptance probability. Thus HMC requires O(d 1/4 ) time-steps to traverse the state space, which compares favorably with the corresponding scalings O(d 1 ) and O(d 1/3 ) that apply for the RWM and MALA algorithms respectively, see [3] , [4] (the extension to non-product measures is considered in [5] ).
Our analysis relies on ideas of geometric integration [6] , [7] , [8] and may be extended to time-integrators (other than the Verlet method) with favorable geometric properties: for a volume-preserving, time-reversible integrator of order ν (ν an even integer), the appropriate scaling is h = O(d −1/(2ν) ).
HYBRID MONTE CARLO
Assume that we wish to sample from a density Π on R N with Π(Q) = exp −V (Q) , for V : R N → R. HMC is based on the consideration of the Hamiltonian function
(M is a user-defined symmetric positive definite matrix) that leads to the canonical differential equations
with corresponding solution flow Φ t defined by(Q(t), P(t)) = Φ t (Q(0), P(0)). For each fixed T > 0, the transformation Φ T in the phase space R 2N conserves the Hamiltonian H and the volume element dQ dP and is time-reversible, i.e.
As a consequence, if we assume that the initial conditions (Q(0), P(0)) of (1) are random and distributed with a density (proportional to) exp(−H (Q, P))
, then the initial density is preserved under the application of the Hamiltonian flow Φ T . It follows that the marginal density of Q(T ) will be (proportional to) exp(−V (Q)), and the mapping Q(0) → Q(T ) may be used to define the transitions of a Markov chain in R N invariant with respect to the target Π.
In practice, the analytic expression of Φ T will not be available and it is necessary to resort to numerical approximations. The most popular explicit integrator is the second-order accurate Störmer-Verlet-leapfrog scheme 1 defined as follows: assuming a current state (Q 0 , P 0 ), after one time-step of length h > 0 the system (1) will be at a state (Q h , P h ) defined by the three-stage procedure
The scheme gives rise to a map:
The solution at time T is approximated by taking
T h leapfrog steps:
is easily seen to be volume preserving and time-reversible (i.e.
h (Q * , −P * )), but it does not exactly conserve the energy H and therefore it does not preserve the measure exp(−H (Q, P))dQ dP. In order to define a chain that preserves 2 Π, an accept/reject rule is introduced. More precisely, the Markov transitions Q (n) → Q (n+1) in HMC are defined by:
(iii) Set Q (n+1) = Q with probability a; otherwise set Q (n+1) = Q (n) .
Here we consider the simplified scenario where Π(Q) consists of d 1 independent identically distributed vector components,
We investigate the asymptotic behaviour of the HMC algorithm when the number d of 'particles' goes to infinity. We
to distinguish the individual components, and use the following notation for the combination location/momentum:
We have
where M is a m × m symmetric, positive definite matrix. The Hamiltonian differential equations for a single (mdimensional) particle are then
where V : R m → R. We denote the corresponding flow by φ t and the leapfrog solution operator over one h-step by ψ h . Thus, the acceptance probability function a for the evolution of the d particles is given by:
with
h (X) denoting the HMC proposal. Note that the leapfrog scheme is applied independently for each of the d particles (q i , p i ) ; the different co-ordinates are only connected through the accept/reject decision based on (2) .
ANALYSIS
The analysis starts by estimating the sum in (2) . Since the d particles play the same role, it is sufficient to study a single term H(
this is the energy change, due to the leapfrog scheme, over 0 ≤ t ≤ T , with step-size h and initial condition x. We will study the first and second moments
and the corresponding variance σ 2 (h) = s 2 (h) − µ 2 (h). If the integrator were exactly energy-preserving, one would have ∆ ≡ 0 and all proposals would be accepted. However it is well known that the size of ∆(x, h) is in general no better than the size of the integration error ψ
In fact under natural smoothness assumptions on V (see [10] ) the following conditions hold:
Condition 2 There exists a function D
The key point is now that, even though ∆(x, h) = O(h 2 ) at each fixed x, the expectation µ(h) is much smaller, as a consequence of the geometric properties of the Verlet integrator. In fact, if we set 
for the constants
The proof of the next result is based on the observation that in the sum R d in (2) the random variables added possess expectations and variances that are both O(h 4 ) in view of (3) Finally, under the scaling h = · d −1/4 , it is reasonable to accept 3 that eff := a( ) × is a sensible metric to assess the efficiency of the algorithm: the factor a( ) reflects the fact that the efficiency increases as the acceptance probability increases, while the factor accounts for the fact that a larger value of implies fewer Verlet time-steps for given T . 
.
Rounded to 3 decimal places the, target independent, optimal value of the limit probability a is a(l opt ) = 0.651.
The conclusion is that when running the algorithm, the parameters should be set to obtain acceptance ratios close to 0.65.
